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1 Periodicity

e pointset P IZX LT, P E® norm DF G = (p, | n € w) # P _E®D putative scale £\ 5.

o PNDF| (z, | n € w) ITHLT,
Tp — x mod g

i lima, =x 22&n € wlZHUT on(z0), on(21),... PPERTZLEDZLE NS,
e P L® putative scale @ »* semi-scale TH 2 LIIRDHLTHLEDI L a2V,

T, > modyg =x€P

e P E® putative scale @ #* scale TH % & 1% @ I semi-scale 2 2{LED i € w 1T U TIRDBKLT S

rEDZrHEWVWS.
T, =z mod @ = p;(z) < lim p;(x,)

Moschovakis @ Periodicity theorem 25\ TIZIRD 2 FHD scale construction AEETH - /2. FEHIZ
UARWDSEEEE 721 RTE L. pointset PC R x RIZHLUTIRO LI IZED B,

Q(z) & JaP(z, )
00y, pn & P E®norm &34, Q LD norm v, = inf{pog,...,pn} ZIRDEIIZEET 5.
Un(z) = inf{{po(z, @), 2(0), ..., on(z, ), a(n)) | P(z,a)}

ZDESIZLT P kD putative scale @ = (p, | n € w) IZH LT, Q £ putative scale U = inf @ WEH
TE5.

WE1.2. P,Q, G v ALLALLTSE. 0L ZMMBHIT .

1. Q NDFI (x), | n € w) A
Ty — T modJ

L Z D&% @, 1 G125 LT lower semi-continuous &5



Eifil- T EARET D, DL EMNI ) =2, & @, {an |1 € W) PHFEHELUTERD k€ w T LT

P(z}, ar) MORMBKILT 5.
(xf, i) = (z,a) mod g

2. @ M semi-scale 22 i =0,...,m LT p; » G125 L T lower semi-continuous &3 5. ZD& &
U & 0 128 LT lower semi-continuous. 12 @ 73 scale 72 513 ¢ 1% scale. O

F7-5E L pointset PCR X RIZHLUTIRO LD IZED S,
Q(z) & VaP(z, )

¢ % P _E® putative scale &9 5. w<¥ OFHENZEZ L (r, |n cw) ZEETS. ncw & z,y e RIT
WHUTGple,y) I8/, I B Zplay L7z &, a=r,d,8=r,8 ZHFUTIROLIIZEHT 2.

IT wins < (po(2, ), ..., on(z, @) < (oY B)s- -, on(y, B))
+akEdE2RETSH. ZDLE
z <,y x,y€RAI wins G, (z,y)

CEETDHEINE pwo &74B. EncwllD2WT Q kD norm ¢, = sup{po,...,on} & <, DT VI H
Be LCEHT S 2 LT Q LD putative scale ) = sup @ 155,

WE1.3. P,Q, 3 ¢ 2 LrALLT 5. I % adequate pointclass & L Det(A) #{HET 5. % i cw 2D
WT ; D T-norm TH B & EIRMVELT 5.

1. Q NDF (x), | n € w) A
Tp — T modd—;

iz LIRET D, TOLIERD a iIZHUTHDI 2f =z, & (0 | n € w) PFAEL TIEED
ke wliZUT Pz}, ) B ORDEALT 5.

(z}, ar) = (x,a) mod J

2. @ »semi-scale 2 i =0,..., mIZXF LT p; » S I1ZxF LT lower semi-continuous £ 3§ 5. ZD&
U 1E 9 123 LT lower semi-continuous. K2 @ 2% scale 72 513 4 I scale. O

2 Scales on coinductive sets
@ C R % coinductive set ¥ 9 5. ZD& THRMLRER R PIFAEL TIREHET.
Q(x) & ((Bag)(Var)(3ag) ... (V) R(z(t), (ao(t), . . ., ar—1(t)))

722U a(n) = (a(0),...,a(n—1) &3 5. X} % inductive set & coinductive set D 7 —VFK5EN 545
pointclass £ 35, n>1 DKL T X 24HHHE L RKICERT 5.

F8 2.1 (Det (U, ). D coinductive set Q (28 LT (U, o, =5 )-scale ¢ BFIET 5.5

*2 X5 IZZNFND norm D definability (& J ¥ OHTcofinal £7>TW5. 7z [1] ZBWVWTIEZENTN ; A X% -norm

THND LB NTDH DD 5720,

new



Proof.
Q(z) & (o) (Var)(Faz) .. ) (YO R(Z(t), (qo(t), - .., ar—1(1)))

ERBESB RENS. n BMEHDL EF,
Qu(@,00, ..., an-1) & ((Ban) (Vani1)Bansa) ... ) (VORE(D), (@o(t), ..., Ge-1 (1))
CEHET B, TN coinductive 7B, n BEBD & &,
Qn(z,a0,...,an_1) © Va,Qni1 (T, g, ..., Qn_1, )

LEHTD. K necwllHLTQ, L putative scale " = (¢ | i € w) ZRD L SITEHT 5.
n BMEEPD i = 0 DA, Qn(r,d) DL E Yi(xr,d) =0 EEHTD. ZNiE Bf-norm L7425, n HHE
BOBE, Qn = V*Qny BHOLLTWE. (I | j <d) FTHMLZE & ¢ =sup{yy ™, ... ¢l '} &
EHT . nﬁﬁﬁ#0i>0®ﬁm,@r—3Qw4ﬁ&4bfwé (Wit j <) ETHBLEZL &
=inf{ygtt, .. Yttty e EHT B,
~ deﬁnablhty DEH ~

n HBEH»D i > 0 DA
z <yny
& x € Qu AVaFBWET (2, 8), 8(0), ..., v (2, 8), 8 — 1)) < (g (y, ), 2(0),..., ¥ (y, @), ali — 1))
& 2 € Qu A3V (W5 (y,0),a(0), .. ¥ (y,0),a(i — 1)) < (W (2, 8), 8(0), .., ¥} (. 8), B — 1))
n BEEPD i > 0D5E
T Syr y
&z € QuAVoIBWE (@ rito % [8]), . WP (2, mi o % [B]) < (g Ty, i B)s - ) (i B))
& 3 € Qn AITYB(Wp T (y,ri B, WP (i B)) < (T (@ i T # [B]), R T (2, T+ [B))))

LD & 512725 DT definability 1% |, ¢, Ty, TNE 2.
N J

120 A Q LD scale £ o TWAZ & A 5RT. lower semi-continuity (48 1.2 & #HEE 1.3 22 & IRz
T RE DD T semiscale TH D Z & Z2REETHD. Q ADF (z, |new) %

Tp — x mod 150

W7z 3 £ DICHNS. ((Bao)(Var)(Baz) ... )(VE)R(Z(t), (ao(t), ..., ar—1(t))) THBZ z‘:’ﬁ:fﬁ E&o. i
1.2 &0 (2, | n € w) DI (20 | n € w) & ap, (af , | n € w) EREWIZT R DIZHS.

<x?170‘8,n> — (z,p) mod Pt

o WEBIZGEASNET S, Ml 13 £ ((2),00,) | n € w) ODHFAF ((x), a5, | n € w) &
(01, | n€w) 2RERTT L5 ITMD.

(w}“aé’maiﬁ — (z,ap,01) mod 152

*3 EREIZIE inf ol & 0 X235, mod 0 TIHRLTWSA51E mod infgp! THIKAE A 2O CHIM 1.2 L EMOZ &
WTED.



G 1.2 2o THDI L ay ZMWMD. ZOBMELBRVIRT. ZOLEMBEDE n,m e wIiZHLT
Qn x”_l,ag;nl,... Q"L VMRS B, t =n 2E XD L REY(n), (@g;nl(n),... a1, (n)) HKSL

m » S n—1,m » S n—1,m
T5.
(xn=1, ozg;nl, cey aZ:im} = (T, 0,y Qp_1)
THBI 6K n w2V T R(Z(n), (ag(n),...,a0,_1(n))) BT 5. ko TRINE. O

R % Moschovakis’ scale construction & FER. Scale £ 725 Z & DFFHHIF X Z UL WASE T 5 12+4
RPEMED T
Q(7) & ((3ao)(Var)(3az) ... (V) R(Z(t), (ao(t), - - ., ar-1(t)))

D & 54K REFD pointset XA 1.2 i 1.3 2f\WVWAZ & Tscale #/EALZ LN TEDLLWVWIETH
5. ZOFREDIRD closed game representation D7 A T 7D 1 Dl ->TW5,

3 Scales in L(R)

R¥ & R @ recursive homeomorphism % 1 DFEE L THEL. [HEM a 2FHET 5. £z c RIZHFLT
player 1 1ZEH & o RiMOIEFREE T L1 U, player I1IZERHZE VL AT575 -0 G, 2F2 5.

T 3.1. a 2HpH L T5. G4 (2 — G,) » closed and continuous TH B L 1EdH 2 w X w x a FOKT
PIFEL T, % 2 € RIZF LT G, % player I ® payoff 2% [T'(z)|"Th2LEDI L%\,

E& 3.2. PCRIZHUTEH (x — G,) P P D closed game representation TH 3 & & (z — Gy) ¥

closed and continuous #*>
P(x) & I has a winning quasi-strategy in G,
BT EEDILEEND.
Tk EMEEMKET 5. P W closed game representation (z +— G) Z2FD2& T 5. ZD& &

Moschovakis’ scale construction iZ & > T P2 scale S Z & &2RT. EBE P IZREHIZLTWS.

P(z) < ((320)(Bo)(Va1)(3z2) (361) (Va3) ... ) (2, (Tn [ n € W)™, (By | n € w)) € [T]
< ((Fz0)(Bo) (V1) (Fz2)(3B1) (Vaz) ... )(Vn € w) (@ [n, (xn [ n EW)* [0, (Bn R EW) In) €T

#k€wlZDPWT Py(z,u) THD &I u ik player I 28 G, T winning quasi-strategy it > 72 & D&
X k ® position THD L ELEHTD. ZOLEP =P Thd. %k ewllHUTP(z,u) %51E
ok(r,u) =0 LEHKT 5.

sup{gplgﬂ, R gpf“} if Py(z,u) < YyPri1(z,u"(y))
warl E inf{@g+lv~"a¢§+l} if Pk:(xau) <:>3ypkr+1(x7uA<y>)
if Pk(x,u) = HﬁPk_H(x,uA(B))

(B0 (@, u™(B)), i, u ™ (B)))

and £ is the least such one

ZDr EHIE 1.2, M 1.3 PMIFIERABIKD DI h S FF Ik P, ED scale TH 5.

i 3.3. ORIl #4103 closed game representation % £§D.

*4 recursive homeomorphism TH—# L T\W5.



B 3.4. ORI = ¥, (L(R), {R}).
T 3.5. Det(L(R)) T 5. D& ¥ N (L(R), {R}) & 21 (L(R), {R} UR) i scale property %K.
Proof. P % $y(L(R), {R}) 29 %. Ay(L(R),{R}) 7 ((z,0) — G%,)"0%
P(2) < 3a(I has a winning quasi-strategy in G7,)
BT LS5 IClB. PO %
P°(z) < I has a winning quasi-strategy in G ,

LEFHFT S, 2D = Moschovakis’ scale construction ¥ ZDEHED MR S (a — ) HY Ay (L(R), {R})
THNS. 72720 @ 1 P Ed scale THD. € PITHLT GERDE S ITEHT 5.

po(x) = min{a | P*(z)}

Pn+1(x) = <(p0(x)7w7f0(x) (2))

Z0iF 21 (L(R), {R})-scale &> TW5.
-~ definability DFHH

N
BESITEEBHE L VDO THE A D — A0 definability D& Z T 5.
T <o y & Va € ON(=§ (y) = 0V 4 ()
& Ja € ON(§(x) = 0 AV € a(y ¢ dom(ih))))
n>0DEE
2 <on ¥ S(p0(@) = po(y) AV (2) = 0P (1))
V (po(@) < wo)) V (wo(x) = poly) AP (z) < v P (y))
LIIfHEIZ OB,
_ Y,
O
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